Abstract. A representation field for a non-maximal order H in a central simple algebra is a subfield of the spinor class field of maximal orders which determines the set of spinor genera of maximal orders containing a copy of H. Not every non-maximal order has a representation field. In this work we prove that every commutative order has a representation field and give a formula for it. The main result is proved for central simple algebras over arbitrary global fields.
Introduction
Let K be a number field. Let A be either, a central simple K-algebra of degree n > 2, or a quaternion algebra satisfying Eichler condition [5] . The set O of maximal orders in A can be split into isomorphism classes or, equivalently, conjugacy classes [8] . Let O be the set of isomorphism classes. In [1] we found a field extension Σ/K whose Galois group Gal(Σ/K) yields a natural free and transitive action on O. For some families of orders H in A we found a field F = F (H) between K and Σ such that the set O H of classes of orders containing a conjugate of H is exactly one orbit of the subgroup Gal(Σ/F ). In particular, the number of isomorphism classes of such orders is [Σ : F ]. The first result in this direction seems to be due to Chevalley who considered the case when A is a matrix algebra and H is the maximal order of a maximal subfield L [4] . In our notation, Chevalley result implies F (H) = L ∩ Σ. In [1] we extended this result to algebras A with no partial ramification. Chinburg and Friedman have given a similar result in which H is an arbitrary rank-two commutative order in a quaternion algebra A satisfying Eichler condition [5] . In case L = KH is a field, the representation field F is a subfield of L ∩ Σ that depends on the relative discriminant of the order H. A more recent article by Linowitz and Shemanske [6] extends this result to central simple algebras of prime degree. Here we extend these results by proving the existence and providing a formula for the representation field for every commutative order H in a central simple algebra A of arbitrary degree.
We use the language of spinor genera in all of this work for the sake of generality. In this general setting, the set O is not the set of conjugacy classes but the set of spinor genera of maximal orders, while O H is the set of spinor genera Φ with at least one order D ∈ Φ containing H as a sub-order. All of the above extends to this setting. A single spinor genera can have more than one class only when A is a quaternion algebra failing to satisfy Eichler condition [1] . Theorem 1.1. -Let A be a central simple algebra over the number field K. Let H be an arbitrary commutative order. Let D be a maximal order containing H. For every maximal ideal ℘ in the ring of integers O K we let I ℘ be the only maximal two-sided ideal of D containing ℘1 D , and let H ℘ be the image of H in D/I ℘ . Let E ℘ be the center of the ring D/I ℘ . Let t ℘ be the greatest common divisor of the dimensions of the irreducible E ℘ -representations of the algebra E ℘ H ℘ . Then the representation field F (H) is the maximal subfield F , of the spinor class field Σ, such that the inertia degree f ℘ (F/K) divides t ℘ for every place ℘.
In the above statement, it is implied that E ℘ is a field. In fact, E ℘ is the residue field of a local division algebra E ℘ such that
We show in §5 that Theorem 1.1 is indeed a generalization of the results in [1] , [5] , and [6] . For the sake of generality, we prove a generalization of Theorem 1.1 that includes also the function field case studied in [3] . In order to consider both cases simultaneously, we introduce the concept of A-curve in §2.
A-curves and Spinor class fields
In all that follows, we say that X is an A-curve with field of functions K, in any of the following cases: Case 1. -X is a smooth irreducible curve over a finite field F and K is the field of rational functions on X.
Case 2. -X = Spec O S where O S is the ring of S-integers for a nonempty finite set S of places over a global field K containing the archimedean places.
In both cases X is provided with its Zariski Topology and its structure sheaf O X . Furthermore, in Case 2 every S-lattice Λ 0 in a K-vector space V K defines a locally free sheaf Λ by Λ(U ) = O X (U )Λ 0 , and the stalk at a place ℘ ∈ X is just the free
denote the localizations at ℘ (as opposed to completions). The sheaf Λ thus defined is called an X-lattice. Analogously, we define an X-lattice in Case 1 as a locally free sheaf of lattices as in [3] . The space W spanned by Λ(U ) is independent of the affine set U . We call W the space generated by Λ and denote it KΛ. The affine sub-case in Case 1 is also a sub-case of Case 2, if we let S be the complement of X in its smooth projective completion, and both definitions of X-lattice coincide in this case. We say that S = ∅ when X is a projective curve over a finite field.
Note that the completion Λ ℘ of the sheaf Λ at a place ℘ ∈ X is defined as the completion of the stalk Λ [℘] , or equivalently the completion of the lattice Λ(U ) for any affine set U ⊆ X containing ℘. Since X-lattices can be defined by pasting lattices defined on the sets of an affine cover, some properties of usual lattices ( [7] §81) are inherited by X-lattices, namely:
• A lattice Λ is determined by it set of completions {Λ ℘ } ℘ , and it can be modified at a finite number of places to get a new lattice .
• The adelization GL A (V ) of the group GL(V ) of K-linear maps on V acts on the set of lattices by acting on the set of completions at every place ℘.
• If V = A is an algebra, an X-lattice D is an order (i.e., a sheaf of orders) if and only if every completion is an order. The same holds for maximal orders (1) .
Since any two local maximal orders are conjugate in any completion A ℘ with ℘ ∈ X, it follows that for any two global maximal orders D and D By the strong approximation theorem, two orders in the same spinor genus are always conjugate if the automorphism group of A is non-compact at some place ℘ ∈ S. When K is a number field and S = ∞, this condition is equivalent to Eichler condition if A is a quaternion algebra, and it is always satisfied for algebras of higher dimension. When X is a projective curve we have S = ∅, so the condition cannot hold. Note however that spinor genera of orders over projective curves still carry some global information that can be recovered in any affine subset of X [3] . When X is an affine curve, the condition holds unless every infinite place of X is totally ramified for A/K. Since we express our main result in terms of spinor genera, this result holds in full generality, but it is important to keep in mind the previous remark in the applications. We let Σ be the class field corresponding to the group 
Assume in all that follows that H is a suborder of D. A generator for D|H is an element u ∈ A * A such that H ⊆ uDu −1 . Let ⌈(D|H) the set of reduced norms of generators. There is no reason a priori for this set to be a group. Note that if a normalizes D and b normalizes H, then for any generator u the element bua is a generator. In particular H(D)⌈(D|H) = ⌈(D|H).
We conclude that the set K * ⌈(D|H) is completely determined by its image G(D|H) ⊆ Gal(Σ/K) under the Artin map. If G(D|H) is a group we define
and call F = F (H) the representation field for H. It follows from the definition that an order
A , is in the same spinor genus than some maximal order containing a conjugate of H, if and only
We conclude that F satisfies the properties stated in §1. If G(D|H) fails to be a group we say that the representation field for H is not defined. For examples of non-commutative orders for which the representation field is not defined, see [2] or Example 3.6 below.
Spinor image and representations
Let K be a local field of arbitrary characteristic. Assume in all of this section that A = M m (E) where E is a central division algebra over K with ring of integers O E , maximal ideal m E , and residue field E = O E /m E . Let π E and π K be the uniformizing parameters of E and K respectively. Recall that if n :
Let H ⊆ D be orders in A. Then a local generator u, or simply a generator whenever confusion is unlikely, is an element u ∈ A * satisfying H ⊆ uDu −1 . In the rest of this section, we assume that D is maximal, but we make no assumption on H for the sake of generality. The purpose of this section is to characterize the set of reduced norms of local generators in terms of the degrees of the representations of the reduction of H módulo π E D.
For short, we let 
, where r 1 < r 2 < · · · < r t and
HP if needed, we can assume that P is the identity. Now we define V i ⊆ E n as the image of the matrix diag(
Certainly the flag V 0 ⊆ · · · ⊆ V t satisfies the last condition. We claim that every V i is a submodule. Otherwise, there exists an element v ∈ V i , for some i, and an element h ∈ H such that hv / ∈ V i . Now take pre-images h ∈ H and v ∈ V i of h and v respectively, where
where K is the residue field of K, we may assume that v ∈ K m . Note thatĥ is the image of h under an automorphism σ ∈ Gal(E/K), and since v ∈ K m , we havê Proof. -Let M ∈ M m (E) be a matrix of rank r. We claim that M has a pre-imageM in M m (O E ), satisfying the following conditions:
•M is invertible in M m (E).
• The reduced norm n(M ) is a generator of the ideal (π m−r K ).
To define the liftingM we write M = P DQ, where P and Q are invertible in M m (E) and D = diag(
* , and finally setM =PDQ, whereD = diag(
Note that the matrix π EQ
, whence the reduction L of π EM −1 has the right rank. The last condition follows now if we prove LM = 0, but this is clear since it is the reduction of π EM −1M = π E Id. Let M be a projection matrix with image V and let L be as above. Then M has rank r and satisfies LXM = 0 for every X ∈ H, since X leaves V = Im(M ) invariant. We claim thatM is a generator for D|H, this concludes the proof. Since every element X ∈ H leaves the E-vector space V = M (E m ) invariant, then every element x of H must leave invariant its pre-image, i.e., the moduleM (
for any x ∈ H, we conclude thatM is a generator. The result follows. 
where the submodule V i has dimension di, and the result follows. On the other hand, if there exists a local generator for D|H whose reduced norm spans (π s K ), then there exists a sequence of submodules V 1 , . . . , V t and integers r 1 , . . . , r t as in Lemma 3.1 satisfying s = i r i dim E (V i /V i−1 ). Refining the sequence if needed, we may assume it is a composition series, whence dim E (V i /V i−1 ) = d for every i, and therefore d divides s.
Next result is now immediate from the previous lemma:
Lemma 3.4. -Let H be a suborder of D = M m (O E ) and let H be its image in M m (E). Assume that any irreducible representation of the E-algebra EH has the same degree d. Then the set of reduced norms of generators for D|H is
The results in this section seem to indicate that the existence of a representation field depends only on the dimensions of the representations of the algebra EH. This is not so, as illustrated by Example 3.6. It holds, however, when H is the largest order with reduction H as next lemma shows. Example 3.6. -Let A = M n (K) and let L = {a ∈ A|ae 1 ∈ Ke 1 }, where {e 1 , . . . , e n } is the canonical basis of K n . Let I be an integral ideal, i.e., a sub-lattice of O X , and let H = H(I) be the order
where M n (I) is the sheaf defined by M n (I)(U ) = M n I(U ) for any affine set U and M n (O X ) is defined analogously.
The set of reductions H ℘ depends only on the primes ℘ such that I ℘ = O ℘ , but this is not so for the set of norms of generators. In fact, if I ℘ is the maximal ideal of O ℘ , then Lemma 3.5 applies and any local generator at ℘ must have reduced norm in O *
In particular, if I = ℘ and if [℘, Σ/K] has order at least 3 in the Galois group Gal(Σ/K), then the representation field does not exist. However, if ℘ , 1, . . . , 1) is a generator for any s t. In particular, if t = t(℘) is big enough for every prime ℘ dividing I, then the representation fields is defined.
Proof of Theorem 1.1
Lemma 4.1. -Let R be a commutative ring that is complete with respect to an ideal J. Then any idempotent P ∈ R/J can be lifted to an idempotentP ∈ R.
Proof. -Let P 1 an arbitrary lifting of P to R and define recursively
, we prove by recursion that P 2 n − P n ∈ J n and the result follows by completeness.
Lemma 4.2. -Let H be an commutative order in a local central simple algebra A and let P be the sub-order generated by the idempotents of H. Let C be the centralizer of P in A. Write H as a direct product H = i∈I H i with H i connected. Then we have a decomposition C = i∈I C i , where every C i is a central simple algebra. Furthermore, there exist a family of maximal orders {D i } i∈I , with
Proof. -If H = i∈I H i as above, we let P i be the idempotent corresponding to the factor H i . Then P i is a central idempotent in C, whence there exists a decomposition of C as above where
as either left C-modules or right E-modules. By taking an E-basis of each P i E m , we obtain a basis of E m where the order P is the ring of diagonal matrices of the form 
where I q is the q by q identity matrix. It follows that C is the algebra of matrices of the form
We can identify C i ∼ = M qi (E) with the set of matrices A, as above, such that A j = 0 for j = i. In particular C i is central simple. By a suitable change of basis in every P i E m , we can assume
Let u i ∈ C * i be a generator for D i |H i as defined in §2, for every i. Then u = i u i ∈ C * is a generator for D|H, since
Furthermore, from the explicit description of C given above we see that the reduced norm of u is n(u) = i n(u i ). Now the conclusion follows.
Now we are ready to prove the following generalization of Theorem 1.1.
Proposition 4.3. -Let X be an A-curve and let K be the field of functions of X. Let A be a central simple K-algebra. Let H be an arbitrary commutative order in A. Let D be a maximal order containing H. For every place ℘ ∈ X we let I ℘ be the only maximal two-sided ideal of the completion D ℘ , and let H ℘ be the image of H in D ℘ /I ℘ . Let E ℘ be the center of the ring D ℘ /I ℘ . Let t ℘ be the greatest common divisor of the dimensions of the irreducible E ℘ -representations of the algebra E ℘ H ℘ . Then the representation field F (H) is the maximal subfield F of the spinor class field Σ such that the inertia degree f ℘ (F/K) divides t ℘ , for every place ℘.
Proof. -We let H ℘ be the quotient of H ℘ by its radical. In particular, H ℘ = H ℘ /J for an ideal J such that J n ⊆ π E D for some n. It follows that H ℘ is complete with respect to J, so any idempotent in H ℘ can be lifted to an idempotent in H ℘ by Lemma 4.1. We conclude that the image H i of every H i in H ℘ , defined as in last lemma, has no idempotents and therefore H i is a field since H ℘ is semisimple. It follows from Lemma 3.4 that the image of the local generators for each 
whence equality follows. We conclude that ⌈ ℘ (D|H) = K * t℘ ℘ O * ℘ as claimed.
Applications and examples
Example 5.1. -Let A = M n (K) and let T n be the order of all upper triangular matrices of the form 
Then H ℘ has only one irreducible representation of dimension 1 for all ℘. It follows that t ℘ = 1 for all ℘ and therefore F (T n ) = K. We conclude that every maximal order in M n (K) contains a copy of the order T n .
More generally, for an arbitrary commutative suborder H, the dimensions of the irreducible representations of H are the same as the dimensions of the irreducible representations of the maximal semi-simple suborder H s of H. Next result follows: Corollary 1. -If H is an arbitrary commutative order in the algebra A, and H s is the maximal semi-simple suborder of H, then F (H s ) = F (H). 
Example 5.2. -If H is the maximal order in a semi-simple commutative algebra of prime dimension that is not a field, then the greatest common divisor of the degrees [L i : K] is 1, and therefore H is contained in at least one order in every spinor genus.
Example 5.3. -If H = O K × H 1 , then H is contained in at least one order in every spinor genus.
Recall that a split order in M n (K) is an order containing a copy of O n K = O K × · · · × O K [9] . By applying last example to H = O n K , we obtain a simple proof of the following generalization of Theorem 5 in [4] .
Corollary 3. -Every spinor genera of maximal X-orders in M n (K) contains an split order. If X is affine, then every maximal order is split.
An order H in A is called non-selective if for every spinor genus Φ of maximal orders, there exists an order D ∈ Φ containing H. An order H ⊆ A is selective if it is not non-selective. This is the natural generalization of the concept of selective order defined in [5] and [6] . Assume now [L : K] = p is a prime, and A has no partial ramification, so if L is the maximal order of L, Corollary 2 applies and F (L) = Σ ∩ L. Since [L : K] is a prime, the order L is selective if and only if L ⊆ Σ. In this case the order is contained in 1/p of all conjugacy classes. Assume this is the case and let H ⊆ L be an arbitrary suborder. Then H is non-selective if and only if there is a place ℘ that is inert for L/K such that the image of H in the residue field L ℘ coincide with the residue field K ℘ of K, since in this case t ℘ = 1, so F (H) splits at ℘, and therefore F (H) = K. Since the condition is equivalent to ℘ dividing the relative discriminant of H/O K , next result follows: Corollary 4. -Let A be a central simple algebra without partial ramification and let L be the maximal order of a field L of prime degree over K. Then L is selective in A if and only if L ⊆ Σ. In this case a suborder H ⊆ L is selective unless there is a inert place of L/K dividing the relative discriminant of H over O K .
Note that we no longer require that dim K A = p 2 in the above result (see [5] and [6] ). More generally, the field L always contains F , whence we have next result: Corollary 5. -Let A be a central simple algebra without partial ramification and let H be an order contained in a field L ⊆ A. Let N be the total number of spinor genera. Then
